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Editor's Introduction to

The Postulates of the Science of Space

By William Kingdon Clifford

Clifford at the Royal Institution of London gave the following lecture in March of 1874. This was
the third of his lectures in the series "The Philosophy of the Pure Sciences." It was subsequently
published in the journal Contemporary Review (Volume 25, 1875:360-376), and after Clifford's

untimely death in 1879 at the age of 34, the series was republished in his Lectures and Essays,

edited by Leslie Stephen and Frederick Pollock (London: MacMillan, 1879: 295-323). These

lectures present one of the fullest and most comprehensive outlines of Clifford's philosophy of
science and mathematics.

Above all, Clifford was a mathematician and geometer, but he considered his geometry a real
physical geometry. So, when he spoke of such non-Euclidean geometries and spaces he referred
as much to the physical space of our experience as he did to the abstract spaces of theoretical
geometry. Clifford attempted to develop a physics of four-dimensional space that could explain
Maxwell's electromagnetic theory without the necessity of a luminiferous aether as was popular
with other scientists. He thought that he could ultimately extend his four-dimensional physical
space to include all physical forces and phenomena. In Clifford's mind and point of view, three-
dimensional dynamics in a Euclidean flat (homaloidal) space would be reduced to four-
dimensional kinematics within an elliptical (or Riemannian) space of constant positive curvature.
In other words, all of potential and kinetic energies in three-dimensional space with a separate
time would reduce to potential within a four-dimensional space with a separate time dimension.

Clifford's theoretical efforts came four decades before Albert Einstein developed his own
gravitational theory using a positively curved Riemannian four-dimensional space-time in the
general theory of relativity. Many scholars have mistakenly assumed that Clifford's work
presaged Einstein's later gravitational theory, but in reality Clifford's work was the forerunner to
the more modern attempts to derive a 'unified field theory’ that would explain all the natural
forces. Clifford clearly stated in 1870, before the Cambridge Philosophical Society, that all matter
was no more than space curvature and all matter in motion no more than ripples in curved space.
He did not differentiate between gravitational and electromagnetic forces, but assumed that he
would explain gravitation after he had completed his four-dimensional theory of electromagnetic
forces.

The following rendition of his lecture on "The Postulates of the Science of Space," please note
that he spoke of the "science" of space rather than the 'mathematics' of space, is copied from his
book Lectures and Essays. The pagination follows the presentation in the book, so scholars and

scientists can use this copy as a fair and accurate reference in their own research and publications.
Any person reading this essay should keep in mind that it was written over one hundred and
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twenty five years ago and many of the statements regarding science and culture should be taken
within the context of the science and culture prevalent in England in 1874.

For example, on page 299 Clifford speaks about the star system and the Universe in which we
live. But in Clifford's time, our Milky Way galaxy was considered the whole of the Universe.
Clifford had no knowledge that the Milky Way in which our star system resides was but one of
billions of galaxies which form the Universe. This discovery was not made until a half century
after Clifford's death. On page 300, Clifford states that "the geometer of today knows nothing
about the nature of actually existing space at an infinite distance," but scientists now accept as
fact that the universe is Riemannian as explained in Einstein's general theory of relativity. So
theoretically, there are no infinite distances to our four-dimensional space-time continuum. If
Clifford's science is read within the context of his own 1874 perspective, the reader will find that
Clifford's lecture offers a penetrating and coherent analysis of three-dimensional space as seen by
a geometer of the first rank.

PHILOSOPHY OF THE PURE SCIENCES. 295

III.-THE POSTULATES OF THE
SCIENCE OF SPACE.

In my first lecture I said that, out of the pictures which are all that we can really see, we
imagine a world of solid things; and that this world is constructed so as to fulfil a certain code of
rules, some called axioms, and some called definitions, and some called postulates,
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and some assumed in the course of demonstration, but all laid down in one form or another in
Euclid's Elements of Geometry. It is this code of rules that we have to consider to-day. I do not,
however, propose to take this book that I have mentioned, and to examine one after another the
rules as Euclid has laid them down or unconsciously assumed them; notwithstanding that many
things might be said in favour of such a course. This book has been for nearly twenty-two
centuries the encouragement and guide of that scientific thought which is one thing with the
progress of man from a worse to a better state. The encouragement; for it contained a body of
knowledge that was really known and could be relied on, and that moreover was growing in
extent and application. For even at the time this book was written shortly after the foundation of
the Alexandrian Museum Mathematic was no longer the merely ideal science of the Platonic
school, but had started on her career of conquest over the whole world of Phenomena. The guide;
for the aim of every scientific student of every subject was to bring his knowledge of that subject
into a form as perfect as that which geometry had attained. Far up on the great mountain of Truth,
which all the sciences hope to scale, the foremost of that sacred sisterhood was seen, beckoning to
the rest to follow her. And hence she was called, in the dialect of the Pythagoreans, 'the purifier of
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the reasonable soul.' Being thus in itself at once the inspiration and the aspiration of scientific
thought, this look of Euclid's has had a history as chequered as that of human progress itself. It
embodied and systematized the truest results of the search after truth that was made
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by Greek, Egyptian, and Hindu. It presided for nearly eight centuries over that promise of light
and right that was made by the civilized Aryan races on the Mediterranean shores; that promise,
whose abeyance, for nearly as long an interval is so full of warning and of sadness for ourselves.
It went into exile along with the intellectual activity and the goodness of Europe. It was taught,
and commented upon, and illustrated, and supplemented, by Arab and Nestorian, in the
Universities of Bagdad and of Cordova. From these it was brought back into barbaric Europe by
terrified students who dared tell hardly any other thing of what they had learned among the
Saracens. Translated from Arabic into Latin, it passed into the schools of Europe, spun out with
additional cases for every possible variation of the figure, and bristling with words which had
sounded to Greek ears like the babbling of birds in a hedge. At length the Greek text appeared
and was translated; and, like other Greek authors, Euclid became an authority. There had not yet
arisen in Europe 'that fruitful faculty,' as Mr. Winwood Reade calls it, 'with which kindred spirits
contemplate each other's works; which not only takes, but gives; which produces from whatever it
receives; which embraces to wrestle, and wrestles to embrace.' Yet, it was coming, and though
that criticism of first principles which Aristotle and Ptolemy and Galen underwent waited longer
in Euclid's case than in theirs, it came for him at last. What Vesalius was to Galen, what
Copernicus was to Ptolemy, that was Lobatchewsky to Euclid. There is, indeed, a somewhat
instructive parallel between the last two cases. Copernicus and Loba-
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chewsky were both of Slavic origin. Each of them has brought about a revolution in scientific
ideas so great that it can only be compared with that wrought by the other. And the reason of the
transcendent importance of these two changes is that they are changes in the conception of' the
Cosmos. Before the time of Copernicus, men knew all about the Universe. They could tell you in
the schools, pat off by heart, all that it was, and what it had been, and what it would be. There was
the fiat earth, with the blue vault of heaven resting on it like the dome of a cathedral, and the
bright cold stars stuck into it; while the sun and planets moved in crystal spheres between. Or,
among the better informed, the earth was a globe in the centre of the universe, heaven a sphere
concentric with it intermediate machinery as before. At any rate, if there was anything beyond
heaven, it was a void of space that needed no further description. The history of all this could be
traced back to a certain definite time, when it began; behind that was a changeless eternity that
needed no further history. Its future could be predicted in general terms as far forward as a certain
epoch, about the precise determination of which there were, indeed, differences among the
learned. But after that would come again a changeless eternity, which was fully accounted for and
described. But in any case the Universe was a known thing. Now the enormous effect of the
Copernican system, and of the astronomical discoveries that have followed it, is that, in place of
this knowledge of a little, which was called knowledge of the Universe, of Eternity and
Immensity, we have now got knowledge of a great deal more; but we only
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call it the knowledge of Here and Now. We can tell a great deal about the solar system; but, after
all, it is our house, and not the city. We call tell something about the star-system to which our sun
belongs; but, after all, it is our house, and not the city. We can tell something about the star-
system to which our sun belongs; but after all, it is our star-system and not the Universe. We are
talking about Here with the consciousness of a There beyond it, which we may know some time,
but do not at all know now. And though the nebular hypothesis tells us a great deal about the
history of the solar system, and traces it back for a Period compared with which the old measure
of the duration of the Universe from beginning to end is not a second to a century, yet we do not
call this the history of eternity. We may put it all together and call it Now, with the consciousness
of a Then before it, in which things were happening that may have left records, but we have not
yet read them. This, then, was the change effected by Copernicus in the idea of the Universe. But
there was left another to be made. For the laws of space and motion, that we are presently going
to examine, implied an infinite space and an infinite duration, about whose properties as space
and time everything was accurately known. The very constitution of those parts of it which are at
an infinite distance from us, 'geometry upon the plane at infinity,' is just as well known, if the
Euclidean assumptions are true, as the geometry of any portion of this room. In this infinite and
thoroughly well-known space the Universe is situated during at least some portion of an infinite
and thoroughly well-known time. So that here we have real knowledge of something at least that
concerns the Cosmos; something that is true throughout the Im-
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mensities and the Eternities. That something Lobatchewsky and his successors have taken away.
The geometer of today knows nothing about the nature of actually existing space at an infinite
distance; he knows nothing about the properties of this present space in a past or a future eternity.
He knows, indeed, that the laws assumed by Euclid are true with an accuracy that no direct
experiment can approach, not only in this place where we are, but in places at a distance from us
that no astronomer has conceived; but he knows this as of Here and Now; beyond his range is a
There and Then of which he knows nothing at present, but may ultimately come to know more.
So, you see, there is a real parallel between the work of Copernicus and his successors on the one
hand, and the work of Lobatchewsky and his successors on the other. In both of these the
knowledge of Immensity and Eternity is replaced by knowledge of Here and Now. And in virtue
of' these two revolutions the idea of the Universe, the Macrocosm, the All, as subject of human
knowledge, and therefore of human interest, has fallen to pieces.

It will now, I think, be clear to you why it will not do to take for our present
consideration the postulates of geometry as Euclid has laid them down. While they were all
certainly true, there might be substituted for them some other group of equivalent propositions;
and the choice of the particular set of statements that should be used as the groundwork of the
science was to a certain extent arbitrary, being only guided by convenience of exposition. But
from the moment that the actual truth of these assumptions becomes doubtful, they fall of
themselves into a necessary order and
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classification; for we then begin to see which of them may be true independently of the others.
And for the purpose of criticizing the evidence for them, it is essential that this natural order
should be taken; for I think you will see presently that any other order would bring hopeless
confusion into the discussion.

Space is divided into parts in many ways. If we consider any material thing, space is at
once divided into the part where that thing is and the part where it is not. The water in this glass,
for example, makes a distinction between the space where it is and the space where it is not. Now,
in order to get from one of these to the other you must cross the surface of the water; this surface
is the boundary of the space where water is which separates the space where the water is not.
Now, in order to get from one of these to the other you must cross the surface of the water; this
which separates it from the space where it is not. Every thing, considered as occupying a portion
of space, has a surface which separates the space where it is from the space where it is not. But,
again, a surface may be divided into parts in various ways. Part of the surface of this water is
against the air, and part is against the glass. If you travel over the surface from one of these parts
to the other, you have to cross the /ine which divides them; it is this circular edge where water,
air, and, glass meet. Every part of a surface is separated from the other parts by a line which
bounds it. But now suppose, further, that this glass had been so constructed that the part towards
you was blue and the part towards me was white, as it is now. Then this line, dividing two parts
of the surface of the water, would itself be divided into two parts; there would be a part where it
was against the blue glass, and a part where it was against the white glass. If you travel in thought
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along that line, so as to get from one of these two parts to the other, you have to cross a point
which separates them, and is the boundary between them. Every part of a line is separated from
the other parts by points which bound it. So we may say altogether-

The boundary of a solid (i.e., of a part of space) is a surface.

The boundary of a part of a surface is a line.

The boundaries of a part of a line are points.
And we are only settling the meanings in which words are to be used. But here we may make an
observation which is true of all space that we are acquainted with: it is that the process ends here.
There are no parts of a point which are separated from one another by the next link in the series.

This is also indicated by the reverse process.

For I shall now suppose this point - the last thing that we got to - to move round the
tumbler so as to trace out the line, or edge, where air, water, and glass meet. In this way I get a
series of points, one after another; a series of such a nature that, starting from any one of them,
only two changes are possible that will keep it within the series: it must go forwards or it must go
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backwards, and each of these is perfectly definite. The line may then be regarded as an aggregate
of points. Now let us imagine, further, a change to take place in this line, which is nearly a circle.
Let us suppose it to contract towards the centre of the circle, until it becomes indefinitely small,
and disappears. In so doing it will trace out the upper surface of the water, the part of the surface
where it is in contact with the air. In this way we shall get a series of circles one
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after another - a series of such a nature that, starting from any one of them, only two changes are
possible that will keep it within the series: it must expand or it must contract. This series,
therefore, of circles is just similar to the series of points that make one circle; and just as the line
is regarded as an aggregate of points, so we may regard this surface as an aggregate of lines. But
this surface is also in another sense an aggregate of points, in being an aggregate of aggregates of
points. But, starting from a point in the surface, more than two changes are possible that will keep
it within the surface, for it may move in any direction. The surface, then, is an aggregate of points
of a different kind from the line. We speak of the line as a point-aggregate of one dimension,
because, starting from one point, there are only two possible directions of change; so that the line
can be traced out in one motion. In the same way, a surface is a line-aggregate of one dimension,
because it can be traced out by one motion of the line; but it is a point-aggregate of two
dimensions, because, in order to build it up of points, we have first to aggregate points into a line,
and then lines into a surface. It requires two motions of a point to trace it out.

Lastly, let us suppose this upper surface of the water to move downwards, remaining
always horizontal till it becomes the under surface. In so doing it will trace out the part of space
occupied by the water. We shall thus get a series of surfaces one after another, precisely
analogous to the series of points which make a line, and the series of lines which make a surface.
The piece of solid space is an aggregate of surfaces, and an aggregate of the same kind as the line
is of points; it is
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a surface-aggregate of one dimension. But at the same time it is a line-aggregate of two
dimensions, and a point-aggregate of three dimensions. For if you consider a particular line which
has gone to make this solid, a circle partly contracted and part of the way down, there are more
than two opposite changes which it can undergo. For it can ascend or descend, or expand or
contract, or do both together in any proportion. It has just as great a variety of changes as a point
in a surface. And the piece of space is, called a point-aggregate of three dimensions, because it
takes three distinct motions to get it from a point. We must first aggregate points into a line, then
lines into a surface, then surfaces into a solid.

At this step it is clear, again, that the process must stop in all the space we know of. For it
is not possible to move that piece of space in such a way as to change every point in it. When we
moved our line or our surface, the new line or surface contained no point whatever that was in the
old one; we started with one aggregate of points, and by moving it we got an entirely new
aggregate, all the points of which were new. But this cannot be done with the solid; so that the
process is at an end. We arrive, then, at the result that space is of three dimensions.
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Is this, then, one of the postulates of the science of space? No; it is not. The science of
space, as we have it, deals with relations of distance existing in a certain space of three
dimensions, but it does not at all require us to assume that no relations of distance are possible in
aggregates of more than three dimensions. The fact that there are only three dimensions does
regulate the number of books that we write, and the parts of the
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subject that we study, but it is not itself a postulate of the science. We investigate a certain space
of three dimensions, on the hypothesis that it has certain elementary properties; and it is the
assumptions of these elementary properties that are the real postulates of the science of space. To
these [ now proceed.

The first of them is concerned with points, and with the relation of space to them. We
spoke of a line as an aggregate of points. Now there are two kinds of aggregates, which are called
respectively continuous and discrete. If you consider this line, the boundary of part of the surface
of the water, you will find yourself believing that between any two points of it you can put more
points of division, and between any two of these more again, and so on; and you do not believe
there can be any end to the process. We may express that by saying you believe that between any
two points of the line there is an infinite number of other points. But now here is an aggregate of
marbles, which, regarded as an aggregate, has many characters of resemblance with the aggregate
of points. It is a series of marbles, one after another; and if we take into account the relations of
nextness or contiguity which they possess, then there are only two changes possible from one of
them as we travel along the series: we must go to the next in front, or to the next behind. But yet
it is not true that between any two of them there is an infinite number of other marbles; between
these two, for example, there are only three. There, then, is a distinction at once between the two
kinds of aggregates. But there is another, which was pointed out by Aristotle in his Physics and
made the basis of a definition of continuity. I have here a
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row of two different kinds of marbles, some white and some black. This aggregate is divided into
two parts, as we formerly supposed the line to be. In the case of the line the boundary between the
two parts is a point which is the element of which the line is an aggregate. In this case before us, a
marble is the element; but here we cannot say that the boundary between the two parts is a
marble. The boundary of the white parts is a white marble, and the boundary of the black parts is
a black marble; these two adjacent parts have different boundaries. Similarly, if instead of
arranging my marbles in a series, I spread them out on a surface, I may have this aggregate
divided into two portions - a white portion and a black portion; but the boundary of the white
portion is a row of white marbles, and the boundary of the black portion is a row of black
marbles. And lastly, if I made a heap of white marbles, and put black marbles on the top of them,
I should have a discrete aggregate of three dimensions divided into two parts: the boundary of the
white part would be a layer of white marbles, and the boundary of the black part would be a layer
of black marbles. In all these cases of discrete aggregates, when they are divided into two parts,
the two adjacent parts have different boundaries. But if you come to consider an aggregate that
you believe to be continuous, you will see that you think of two adjacent parts as having the same
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boundary. What is the boundary between water and air here? Is it water? No; for there would still
have to be a boundary to divide that water from the air. For the same reason it cannot be air. [ do
not want you at present to think of the actual physical facts by the aid of any molecular
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theories; I want you only to think of what appears to be, in order to understand clearly a
conception that we all have. Suppose the things actually in contact. If, however much we
magnified them, they still appeared to be thoroughly homogeneous, the water filling up a certain
space, the air an adjacent space; if this held good indefinitely through all degrees of conceivable
magnifying, then we could not say that the surface of the water was a layer of water and the
surface of air a layer of air; we should have to say that the same surface was the surface of both of
them, and was itself neither one nor the other - that this surface occupied no space at all.
Accordingly, Aristotle defined the continuous as that of which two adjacent parts have the same
boundary; and the discontinuous or discrete as that of which two adjacent parts have direct
boundaries.'

Now the first postulate of the science of space is that space is a continuous aggregate of
points, and not a discrete aggregate. And this postulate - which I shall call the postulate of
continuity - is really involved in those three of the six> postulates of Euclid for which Robert
Simson has retained the name of postulate. You will see, on a little reflection, that a discrete
aggregate of points could not be so arranged that any two of

1Phys Ausc. V. 3, p. 227, ed. Bekker. , , . .

A little further on he makes the important remark that on the hypothesis of continuity a line is not made up of points in
the same way that a whole is made up of parts, VL. 1, p.231.,,, .

2See De Morgan, in Smith's Dict. of Biography and Mythology, Art. Euclid; and in the English Cyclopaedia, Art.
Axiom.
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them should be relatively situated to one another in exactly the same manner, so that any two
points might be joined by a straight line which should always bear the same definite relation to
them. And the same difficulty occurs in regard to the other two postulates. But perhaps the most
conclusive way of showing that this postulate is really assumed by Euclid is to adduce the
proposition he proves, that every finite straight line may be bisected. Now this could not be the
case, if it consisted of an odd number of separate points. As the first of the postulates of the
science of space, then, we must reckon this postulate of Continuity; according to which, two
adjacent portions of space, or of a surface, or of a line, have the same boundary, viz.- a surface, a
line, or a point; and between every two points on a line there is an infinite number of intermediate
points.

The next postulate is that of Elementary Flatness. You know that if you get hold of a
small piece of a very large circle, it seems to you nearly straight. So, if you were to take any
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curved line, and magnify it very much, confining your attention to a small piece of it, that piece
would seem straighter to you than the curve did before it was magnified. At least, you can easily
conceive a curve possessing this property, that the more you magnify it, the straighter it gets.
Such a curve would possess the property of elementary flatness. In the same way, if you perceive
a portion of the surface of a very large sphere, such as the earth, it appears to you to be flat. If,
then, you take a sphere of say a foot diameter, and magnify it more and more, you will find that
the more you magnify it the flatter it gets. And you may easily suppose that this process would go
on indefinitely;
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that the curvature would become less the more the surface was magnified. Any curved surface
which is such that the more you magnify it the flatter it gets is said to possess the property of
elementary flatness. But if every succeeding power of our imaginary microscope disclosed new
wrinkles and inequalities without end, then we should say that the surface did not possess the
property of elementary flatness.

But how am I to explain how solid space can have this property of elementary flatness?
Shall I leave it as a mere analogy, and say that it is the same kind of property as this of the curve
and surface, only in three dimensions instead of one or two? I think I can get a little nearer to it
than that; at all events I will try.

If we start to go out from a point on a surface, there is a certain choice of directions in
which we may go. These directions make certain angles with one another. We may suppose a
certain direction to start with, and then gradually alter that by turning it round the point: we find
thus a single series of directions in which we may start from the point According to our first
postulate, it is a continuous series of directions. Now when I speak of a direction from the point, I
mean a direction of starting; I say nothing about the subsequent path: Two different paths may
have the same direction at starting; in this case they will touch at the point; and there is an
obvious difference between two paths which touch and two paths which meet and form an angle.
Here, then, is an aggregate of directions, and they can be changed into one another. Moreover, the
changes by which they pass into one another have magnitude, they con-
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stitute distance-relations; and the amount of change necessary to turn one of them into another is
called the angle between them. It is involved in this postulate that we are considering, that angles
can be compared in respect of magnitude. But this is not all. If we go on changing a direction of
start, it will, after a certain amount of turning, come round into itself again, and be the same
direction. On every surface which has the property of elementary flatness, the amount of turning
necessary to take a direction all round into its first position is the same for all points of the
surface. I will now show you a surface which at one point of it has not this property. I take this
circle of paper from which a sector has been cut out, and bend it round so as to join the edges; in
this way I form a surface which is called a cone. Now on all points of this surface but one, the law
of elementary flatness holds good. At the vertex of the cone, however, notwithstanding that there
is an aggregate of directions in which you may start, such that by continuously changing one of
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them you may get it round into its original position, yet the whole amount of change necessary to
effect this is not the same at the vertex as it is at any other point of the surface. And this you can
see at once when [ unroll it; for only part of the directions in the plane have been included in the
cone. At this point of the cone, then, it does not possess the property of elementary flatness; and
no amount of magnifying would ever make a cone seem flat at its vertex.

To apply this to solid space, we must notice that here also there is a choice of directions
in which you may go out from any point; but it is a much greater
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choice than a surface gives you. Whereas in a surface the aggregate of directions is only of one
dimension, in solid space it is of two dimensions. But here also there are distance-relations, and
the aggregate of directions may be divided into parts which have quantity. For example, the
directions which start from the vertex of this cone are divided into those which go inside the cone,
and those which go outside the cone. The part of the aggregate which is inside the cone is called a
solid angle. Now in those spaces of three dimensions which have the property of elementary
flatness, the whole amount of solid angle round one point is equal to the whole amount round
another point. Although the space need not be exactly similar to itself in all parts, yet the
aggregate of direction round one point is exactly similar to the aggregate of directions round
another point, if the space has the property of elementary flatness.

How does Euclid assume this postulate of Elementary Flatness? In his fourth postulate he
has expressed it so simply and clearly that you will wonder how anybody could make all this fuss.
He says, 'All right angles are equal.'

Why could I not have adopted this at once, and saved a great deal of trouble? Because it
assumes the knowledge of a surface possessing the property of elementary flatness in all its
points. Unless such a surface is first made out to exist, and the definition of a right angle is
restricted to lines drawn upon it - for there is no necessity for the word straight in that definition -
the postulate in Euclid's form is obviously not true. I can make two lines cross at the vertex of a
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cone so that the four adjacent angles shall be equal, and yet not one of them equal to a right angle.

I pass on to the third postulate of the science of space - the postulate of Superposition.
According to this postulate a body can be moved about in space without altering its size or shape.
This seems obvious enough, but it is worthwhile to examine a little closely into the meaning of it.
We must define what we mean by size and by shape. When we say that a body can be moved
about without altering its size, we mean that it can be so moved as to keep unaltered the length of
all the lines in it. This postulate therefore involves that lines can be compared in respect of
magnitude, or that they have a length independent of position; precisely as the former one
involved the comparison of angular magnitudes. And when we say that a body can be moved
about without altering its shape, we mean that it can be so moved as to keep unaltered all the
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angles in it. It is not necessary to make mention of the motion of a body, although that is the
easiest way of expressing and of conceiving this postulate; but we may, if we like, express it
entirely in terms which belong to space, and that we should do in this way. Suppose a figure to
have been constructed in some portion of space; say that a triangle has been drawn whose sides
are the shortest distances between its angular points. Then if in any other portion of space two
points are taken whose shortest distance is equal to a side of the triangle, and at one of them an
angle is made equal to one of the angles adjacent to that side, and a line of shortest distance
drawn equal to the corresponding side of the original triangle, the distance from the
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extremity of this to the other of the two points will be equal to the third side of the original
triangle, and the two will be equal in all respects; or generally, if a figure has been constructed
anywhere, another figure, with all its lines and all its angles equal to the corresponding lines and
angles of the first, can be constructed anywhere else. Now this is exactly what is meant the
principle of superposition employed by Euclid to prove the proposition that I have just
mentioned. And we may state it again in this short form - All parts of space are exactly alike.

But this postulate carries with it a most important consequence. It enables us to make a
pair of most fundamental definitions - those of the plane and of the straight line. In order to
explain how these come out of it when it is granted, and how they cannot be made when it is not
granted, I must here say something more about the nature of the postulate itself, which might
otherwise have been left until we come to criticize it.

We have stated the postulate as referring to solid space. But a similar property may exist
in surfaces. Here, for instance, is part of the surface of a sphere. If [ draw any figure I like upon
this, I can suppose it to be moved about in any way upon the sphere, without alteration of its size
or shape. If a figure has been drawn on any part of the surface of a sphere, a figure equal to it in
all respects may be drawn on any other part of the surface. Now I say that this property belongs to
the surface itself, is a part of its own internal economy, and does not depend in any way upon its
relation to space of three dimensions. For I can pull it about and bend it in all manner of ways, so
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as altogether to alter its relation to solid space; and yet, if I do not stretch it or tear it, I make no
difference whatever in the length of any lines upon it, or in the size of any angles upon it.' I do
not in any way alter the figures drawn upon it, or the possibility of drawing figures upon it, so far
as their relations with the surface itself are concerned. This property of the surface, then, could
be ascertained by people who lived entirely in it, and were absolutely ignorant of a third
dimension. As a point-aggregate of two dimensions, it has in itself properties determining the
distance-relations of the points upon it, which are absolutely independent of the existence of any
points which are not upon it.

Now here is a surface which has not that property. You observe that it is not of the same
shape all over, and that some parts of it are more curved than other parts. If you drew a figure
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upon this surface, and then tried to move it about, you would find that it was impossible to do so
without altering the size and shape of the figure. Some parts of it would have to expand, some to
contract, the lengths of the lines could not all be kept the same, the angles would not hit off
together. And this property of the surface - that its parts are different from one another - is a
property of the surface itself, a part of its internal economy, absolutely independent of any
relations it may have with space outside of it. For, as with the other one, I can pull it about in

"This figure was made of linen, starched upon a spherical surface, and taken off when dry. That mentioned in the next
paragraph was similarly stretched upon the irregular surface of the head of a bust. For durability these models should be
made of two thicknesses of linen starched together in such a way that the fibres of one bisect the angles between the
fibres of the other, and the edge should be bound by a thin slip of paper. They will then retain their curvature unaltered
for a long time.
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all sorts of ways, and, so long as I do not stretch it or tear it, I make no alteration in the length of
the lines drawn upon it or in the size of the angles.

Here, then, is an intrinsic difference between these two surfaces, as surfaces. They are
both point-aggregates of two dimensions; but the points in them have certain relations of distance
(distance measured always on the surface), and these relations of distance are not the same in one
case as they are in the other.

The supposed people living in the surface and having no idea of a third dimension might,
without suspecting that third dimension at all, make a very accurate determination of the nature of
their locus in quo. If the people who lived on the surface of the sphere were to measure the angles
of a triangle, they would find them to exceed two right angles by a quantity proportional to the
area of the triangle. This excess of the angles above two right angles, being divided by the area of
the triangle, would be found to give exactly the same quotient at all parts of the sphere. That
quotient is called the curvature of the surface; and we say that a sphere is a surface of uniform
curvature. But if the people living on this irregular surface were to do the same thing, they would
not find the sum of the angles would, indeed, differ from two right angles, but sometimes in
excess, and sometimes in defect, according to the part of the surface where they were. And
though for small triangles in any one neighbourhood the excess or defect would be nearly
proportional to the area of the triangle, yet the quotient obtained by dividing this excess or defect
by the area of the triangle would vary, from one part of the surface
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to another. In other words, the curvature of this surface varies from point to point; it is sometimes
positive, sometimes negative, sometimes nothing at all

But now comes the important difference. When I speak of a triangle, what do I suppose
the sides of that triangle to be?
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If I take two points near enough together upon a surface, and stretch a string between
them, that string will take up a certain definite position upon the surface, marking the line of
shortest distance from one point to the other. Such a line is called a geodesic line. It is a line
determined by the intrinsic properties of the surface, and not by its relations with external space.
The line would still be the shortest line, however the surface were pulled about without stretching
or tearing. A geodesic line may be produced, when a piece of it is given; for we may take one of
the points, and, keeping the string stretched, make it go round in a sort of circle until the other end
has turned through two right angles. The new position will then be a prolongation of the same
geodesic line.

In speaking of a triangle, then, | meant a triangle whose sides are geodesic lines. But in
the case of a spherical surface - or, more generally, of a surface of constant curvature - these
geodesic lines have another and most important property. They are straight, so far as the surface
is concerned. On this surface a figure may be moved about without altering its size or shape. It is
possible, therefore, to draw a line which shall be of the same shape all along and on both sides.
That is to say, if you take a piece of the surface on one side of such a line, you may slide it all
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along the line and it will fit; and you may turn it round and apply it to the other side, and it will fit
there also. This is Leibnitz's definition of a straight line, and, you see, it has no meaning except in
the case of a surface of constant curvature, a surface all parts of which are alike.

Now let us consider the corresponding things in solid space. In this also we may have
geodesic lines; namely, lines formed by stretching a string between two points. But we may also
have geodesic surfaces; and they are produced in this manner. Suppose we have a point on a
surface, and this surface possesses the property of elementary flatness. Then among all the
directions of starting from the point, there are some which start in the surface, and do not make an
angle with it. Let all these be prolonged into geodesics; then we may imagine one of these
geodesics to travel round and coincide with all the others in turn. In so doing it will trace out a
surface which is called a geodesic surface. Now in the particular case where a space of three
dimensions has the property of superposition, or is all over alike, these geodesic surfaces are
planes. That is to say, since the space is all over alike, these surfaces are also of the same shape
all over and on both sides; which is Leibnitz's definition of a plane. If you take a piece of space
on one side of such a plane, partly bounded by the plane, you may slide it all over the plane, and
it will fit; and you may turn it round and apply it to the other side, and it will fit there also. Now it
is clear that this definition will have no meaning unless the third postulate be granted. So we may
say that when the postulate of Superposition is true, then there
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are planes and straight lines; and they are defined as being of the same shape throughout and on
both sides.
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It is found that the whole geometry of a space of three dimensions is known when we
know the curvature of three geodesic surfaces at every point. The third postulate requires that the
curvature of all geodesic surfaces should be everywhere equal to the same quantity.

I pass to the fourth postulate, which I call the postulate of Similarity. According to this
postulate, any figure may be magnified or diminished in any degree without altering its shape. If
any figure has been constructed in one part of space, it may be reconstructed to any scale
whatever in any other part of space, so that no one of the angles shall be altered, though all the
lengths of lines will of course be altered. This seems to be a sufficiently obvious induction from
experience; for we have all frequently seen different sizes of the same shape; and it has the
advantage of embodying the fifth and sixth of Euclid's postulates in a single principle, which
bears a great resemblance in form to that of Superposition, and may be used in the same manner.
It is easy to show that it involves the two postulates of Euclid: 'Two straight lines cannot enclose
a space,’ and 'lines in one plane which never meet make equal angles with every other line.'

This fourth postulate is equivalent to the assumption that the constant curvature of the
geodesic surfaces is zero; or the third and fourth may be put together, and we shall then say that
the three curvatures of space are all of them zero at every point.
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The supposition made by Lobatchewsky was, that the three first postulates were true, but
not the fourth. Of the two Euclidean postulates included in this, he admitted one, viz., that two
straight lines cannot enclose a space; or that two lines which once diverge go on diverging
forever. But he left out the postulate about parallels, which may be stated in this form. If through
a point outside of a straight line there be drawn another, indefinitely produced both ways; and if
we turn this second one round so as to make the point of intersection travel along the first line,
then at the very instant that this point of intersection disappears at one end it will reappear at the
other, and there is only one position in which the lines do not intersect. Lobatchewsky supposed,
instead, that there was a finite angle through which the second line must be turned after the point
of intersection had disappeared at one end, before it reappeared at the other. For all positions of
the second line within this angle there is then no intersection. Ih the two limiting positions, when
the lines have just done meeting at one end, and when they are just going to meet at the other,
they are called parallel; so that two lines can be drawn through a fixed point parallel to a given
straight line. The angle between these two depends in a certain way upon the distance of the point
from the line. The sum of the angles of a triangle is less than two right angles by a quantity
proportional to the area of the triangle. The whole of this geometry is worked out in the style of
Euclid, and the most interesting conclusions are arrived at; particularly in the theory of solid
space, in which a surface turns up which is not plane relatively
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to that space, but which, for purposes of drawing figures upon it, is identical with the Euclidean
plane.
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It was Riemann, however, who first accomplished the task of analysing all the
assumptions of geometry, and showing which of them were independent. This very disentangling
and separation of them is sufficient to deprive them for the geometer of their exactness and
necessity; for the process by which it is effected consists in showing the possibility of conceiving
these suppositions one by one to be untrue; whereby it is clearly made out how much is supposed.
But it may be worthwhile to state formally the case for and against them.

When it is maintained that we know these postulates to be universally true, in virtue of
certain deliverances of our consciousness, it is implied that these deliverances could not exist,
except upon the supposition that the postulates are true. If it can be shown, then, from experience
that our consciousness would tell us exactly the same things if the postulates are not true, the
ground of their validity will be taken away. But this is a very easy thing to show.

That same faculty which tells you that space is continuous tells you that this water is
continuous, and that the motion perceived in a wheel of life is continuous. Now we happen to
know that if we could magnify this water as much again as the best microscopes can magnify it,
we should perceive its granular structure. And what happens in a wheel of life is discovered by
stopping the machine. Even apart, then, from our knowledge of the way nerves act in carrying
messages, it appears that we have no means of knowing anything
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more about an aggregate than that it is too fine-grained for us to perceive its discontinuity, if it
has any.

Nor can we, in general, receive a conception as positive knowledge which is itself
founded merely upon inaction. For the conception of a continuous thing is of that which looks
just the same however much you magnify it. We may conceive the magnifying to go on to a
certain extent without change, and then, as it were, leave it going on, without taking the trouble to
doubt about the changes that may ensue.

In regard to the second postulate, we have merely to point to the example of polished
surfaces. The smoothest surface that can be made is the one most completely covered with the
minutest ruts and furrows. Yet geometrical constructions can be made with extreme accuracy
upon such a surface, on the supposition that it is an exact plane. If, therefore, the sharp points,
edges, and furrows of space are only small enough, there will be nothing to hinder our conviction
of its elementary flatness. It has even been remarked by Riemann that we must not shrink from
this supposition if it is found useful in explaining physical phenomena.

The first two postulates may therefore be doubted on the side of the very small. We may
put the third and fourth together, and doubt them on the side of the very great. For if the property
of elementary flatness exist on the average, the deviations from it being, as we have supposed, too
small to be perceived, then, whatever were the true nature of space, we should have exactly the
conceptions of it which we now have,
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if only the regions we can get at were small in comparison with the areas of curvature. If we
suppose the curvature to vary in an irregular manner, the effect of it might be very considerable in
a triangle formed by the nearest fixed stars; but if we suppose it approximately uniform to the
limit of telescopic reach, it will be restricted to very much narrower limits. I cannot perhaps do
better than conclude by describing to you as well as I can what is the nature of things on the
supposition that the curvature of all space is nearly uniform and positive.

In this case the Universe, as known, becomes again a valid conception; for the extent of
space is a finite number of cubic miles.' And this comes about in a curious way. If you were to
start in any direction whatever, and move in that direction in a perfect straight line according to
the definition of Leibnitz; after travelling a most prodigious distance, to which the parallactic unit
- 200,000 times the diameter of the earth's orbit - would be only a few steps, you would arrive at -
this place. Only, if you had started upwards, you would appear from below. Now, one of two
things would be true. Either, when you had got half-way on your journey, you came to a place
that is opposite to this, and which you must have gone through, whatever direction you started in;
or else all paths you could have taken diverge entirely from each other till they meet again at this
place. In the former case, every two straight lines in a plane meet in two points, in the

'The assumptions here made about the Zusammenhang of space are the simplest ones, but even the finite extent does
not follow necessarily from uniform positive curvature; as Riemann seems to have supposed.
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latter they meet only in one. Upon this supposition of a positive curvature, the whole of geometry
is far more complete and interesting; the principle of duality, instead of half breaking down over
metric relations, applies to all propositions without exception. In fact, [ do not mind confessing

that I personally have often found relief from the dreary infinities of homaloidal space in the
consoling hope that, after all, this other may be the true state of things.
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